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Support Vector Machines : SVM
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Introduction
-3 55

Q Support Vector Machines [Vanpik, 1990°s]
0 One of the most popular machine learning algorithms!

0 Better data separation compared to other machine learning methods (classification problems)!
0 Relatively easy to use!
0 Using kernel tricks :

= classification, regression, distribution estimation, one-class classification, and more.
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Motive: Linearly separable data
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Motive: Optimal decision boundary
-5 4

O Question : Which decision boundary is better?
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a Solution for maximum margin : Maximum robustness against data corruption. [Increasing generalization
capability]

Machine Learning : Support Vector Machines (SVM) -Amin Golzari Oskouei - 2023



Motive: Support Vectors

O Support Vector : Nearest data points to the decision boundary.

o) © ®
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O Objective: Maximizing the distance between support vectors and the decision boundary.
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Motive: Support Vectors

A

O Support Vector : Distance of support vectors from decision boundary.
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O Objective: Maximizing the distance between support vectors and the decision boundary.
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Optimal Decision Boundary: Symbols
.8 5

Q Training examples

+1 if xteCy

X = (xt yb), t_
(x5 55) Y -1 if xteC,

a Objective: Finding the vector w and the value b in a way that :

wixt+b>+1  for yt=+1

) yt(wTxt + b) > +1

max(0,1 — y*(wTxt + b))

wixt+b< -1  for yt=-—1
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Objective function : Calculate margin
9

O We already know :
wlixt +b=+1

wlix= +b=-1

2
X
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O
>

-’ © Support Vectors
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Objective function : Calculate margin

O We already know :

wlixt +b=+1

wlix= +b=-1

O Then:

wlh(xt —x7) =2

= [|lw|| - |lxT —x"||cosa = 2

> |wl[-M=2 = |M=2T|w||
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Objective function
T I

O Objective : Maximizing the margin size [the distance between support vectors and the decision boundary].

2
M=___
[w]]

a Attention : To maximize the margin, one can minimize the size of the vector w.

O Constraints: The decision boundary must correctly separate the data points of both classes.
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Objective function : Formal expression

T T

A Objective function :

min 2 ||wl|?
st.  (wixt+b)=4+1 if yt =41
Wixt+b) < -1 ifyt =-1

a Simplifying :

min > ||wl|?

st.  y'(wlxt+b) = +1
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Objective function : Formal expression

S 1

A Objective function :

min ||wl|?

st.  yi'(wlxt+b) = +1

Q Solving the problem using Lagrange Multipliers :

m

1
Ly = lwl|? — Zt=1 at[yt(wTxt + b) — 1]

1 m
= lIwli? = X7, ay wWTxt +b) + XL, af
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Objective function : Formal expression
. |

A Objective function :

m

1
Ly = >lwli> = 37 ally* W™t + b) — 1]

1 m
=-lwll? = X,_, a®y*w'x* +b) + XL a’

The decision boundary is a linear combination of the training data.

JdL
T =0 W= ) @
mt=1
dL
p t,,t —
—=0 = =0
ap =" 2“3’
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Objective function : Dual form

S 1

Q Objective function : m

1 m m
Ly = E(WTW) - WTZ atytxt —b Z atyt + z at
m t=1 z=1 t=1
== (wTw) + Z at

m
ZZ Za asSytyS(xH)TxS + Zcxt
t=1

subjectto ¥, atyt = 0and at Z 0 vt

O Many of the alpha coefficients are equal to zero, and only a few have values greater than zero.

O The data points for which the alpha values are greater than zero are the support vectors.
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Objective function : Vector form

S 1

a Objective function :

1 m m m
_ 52 2 atasytys(xH)Txs + Z it
t=1

t=1 s=1

1
— _I_
=-5 al’Qa + eTa

Qs = yiys (x")"xs, e=[1 1 .. 1]TeRrRm™

subjectto ¥, atyt = 0 and at =2 0 V¢t

O Many of the alpha coefficients are equal to zero, and only a few have values greater than zero.

O The data points for which the alpha values are greater than zero are the support vectors.
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Non-linearly Separable Data: Soft Margin
A I i

O If the data is not linearly separable, what happens?

a Soft Margin: Allowing for a small margin of error in separation
yi(wlxt +b) > 1 — &t
Q Soft Error m
soft error : gt

a New objective function =1

Penalty coefficient

/

/

min%llwllz +CYm, et

s.t. yi(wlxt +b) >1— &t

et >0
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Non-linearly Separable Data: Soft Margin

min lw||2 + C X%, &
s.t. yi(wixt +b) =1 —¢t

et >0

1
Ly =>Iwl? + c T2y et = 377 allyt(wixt +b) — 1+ &'

t ot
— Lt=1M€E
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Non-linearly Separable Data: Soft Margin
I

1
Ly = SIwl? + c Xy et = X7 atly'wx" +b) = 1+ '] — NP2, plet

L, =
—=O=>w=2 atytxt
ow 1
oL _
a_bp=0:2 atyt=0
t=1
dL,
E=O:C—at—ut=O:OSatSC

Machine Learning : Support Vector Machines (SVM) -Amin Golzari Oskouei - 2023



Kernel Trick and Non-Linear Classification




Kernel Functions

QO Idea : Mapping the problem to a new feature space using non-linear transformations
a Using a linear model in the new feature space for data classification.

(x1,x2)




Kernel Functions

QO Idea : Mapping the problem to a new feature space using non-linear transformations
o Using a linear model in the new feature space for data classification.

(x1,x2)




Non-Linear Decision Boundary

.24
Q Prediction:y =1if :

/N
OO0 O
. © 0L O

O O //‘6 ~~~~~~~~~~~~~ C-j\N\\‘O O

%2lo {0 g oo 190

@) l‘\\O QO o - O/,' o

O O\\Q_E? ”””” 5 ~~C.) _____ 5 e O

X1
Q Features :
f1=x1, f2 = x2, fa= x5, fa= x5, f5 = x1x2,

h(f) =b + W1f1+ W2f2+ W3f3 + W4f4 + W5f5 L oo «—— Linear decision boundary

a Question : Is there a better method for feature selection?
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Kernels as Similarity Measures

-0V
QO ldea : Given x, select a new set of features based on its similarity to reference points using 2, [1,
and [3 norms.

lx- l(“||2>

2072

Ix l(”||2>

202

1€8; fi = sim(x, 1)) = exp(

[(2)

fo = sim(x,1®)) = exp (—

1)

2072

— 1@’
= sim(x,1®)) = ex (— I~
f3 ( ) p N

\%

Kernel (Gaussian Kernel)

a Kernel Function: A measure for calculating the similarity between data x and y.
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Kernels as Similarity Measures

.
O Kernel function :
lx - l<”||2>

2072

fi = sim(x, 1) = exp (

O Firstcase : x = (D

0
fi ~ exp(—ﬁ) = exp(0) =1

0O Second case : x is very far from [0,

00)

f ~ o -52) = ) =0
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Kernels as Similarity Measures
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Kernels as Similarity Measures

A T
Q Prediction:y =1if :

N
e 1@)
O

8 I ]

—0.5 1.0 1.0 0.0

Vv

A=l fr=fz=0

h(f) = —0.5+ (1.0)(1.0) + (1.0)(0.0) + (0.0)(0.0) = 05=20 = | y=1
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Kernels as Similarity Measures

24
Q Prediction:y =1if :

[ [2)

[(3)

—0.5 1.0 1.0 0.0

Vv

izfz=0,f,=1

h(f) = —0.5 + (1.0)(0.0) + (1.0)(1.0) + (0.0)(0.0) = 05=0 = |y=1
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Kernels as Similarity Measures

24
Q Prediction:y =1if :

N

) 1)

[3)
® -05 1.0 1.0 0.0

Vv

fi= f2=f3=0

h(f) =~ —0.5 + (1.0)(0.0) + (1.0)(0.0) + (0.0)(0.0) =—-05<0 = |y=0
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Kernels as Similarity Measures

~s0 4
Q Prediction:y =1if :

_
"

’
~ -’

—0.5 1.0 1.0 0.0

Vv

Q Decision Boundary : Classifies points near I() and [® as Class 1, and other points as Class 0.
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Several Questions
.3 4

O How does the learning algorithm automatically select reference points?

a How are appropriate values for kernel function parameters determined?

2 Are there other types of kernels?
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Select Reference Points

O How does the learning algorithm automatically select reference points?
o For each sample in the training set, a reference point is chosen equal to that sample.

O
O ® @) O O O
@) reference points O
O © © ‘ o o O

A\ 24

v
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Feature Mapping

T ===,

A Training set :
{(x(l), y(l)), (x(z), y(z)), e (x(m)’ y(m))}

Q Reference points :
(D) = @) @)= x2) ... [(m) = 5,(m)

A Mapping feature space :

Xo = 0o— 1
X1 fi= K(x,l(l))
X = ) Mapping feature space f = fz — K(x, l(z) )
Xn _fm . K(x, l(m))_

Machine Learning : Support Vector Machines (SVM) -Amin Golzari Oskouei - 2023



Kernel Trick

.00V
a Kernel Function : Preprocessing data x using kernel functions.

z = p(x) g@z) =wlz+b
= (p1(x), P2 (x), ..., wk_(x)) gx) =wlo(x) +b

\
It may be infinite!

w = Z atytzt — z yt¢(xt)

a Decision boundary :

Q Classification of new data :

gx) =wlex)+b= <Z atytw(xt)T> = <z atytqo(xt)%(x)> +b= <z aty‘k(xt, x)) +b
t=1 t=1

t=1
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Kernel Function
35

1 m
Ly =5IWIZ+C ) &t
t=1

s.t. yWtp(x') =1 — ¢t

et>0

1 m m m
L,= D W% + Cz et — z atyt (WTho(xt) — 1+ &t] — z,utet
t=1 t=1 t=1

|

Lagrange Coefficients Lagrange Coefficients
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Kernel Functions: The Primary Problem
T

1 m
= SIWIZ+C ) et -

t=1

u‘e

i1

atyt (Wlho(xt) — 1+ &t] —

Ms

1

ﬂ
Il

dL,
_ — tt t
T O=>w Zaygo(x)
t=1
dL,
— — oyt — gyt — t
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Kernel Functions: The Dual Problem
37

1 m m m
=-2> Z aasytySp(:) o) + ) af
t=1s=1 t=1

subjectto ). atyt =0and 0 < at < C Vt

Q Idea of Kernel Machines : [Kernel Trick]
0 Replacing the dot product of basis functions with a kernel function as K(xt, x%)

1 m m m
_ Ez z atasytySK(xt, xS) + z at
t=1s=1 T t=1

I
Gram Matrix: A symmetric positive definite matrix (for linear separability).
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Kernel Functions: Polynomial Kernel
-3 4

a Polynomial Kernel : A polynomial of degree g

K(xt, x) = (xTxt 4+ 1)4

=[o]  y=[

Q Example: g =2,d = 2]

a , 3 multiplications, | /~ 6 multiplications,
— T
K(x’ y) B (x YT 1) 2 additions 5 additions

T
(p(x) = [L \/Exlr \/EXZ' ﬁxlxb xlz' x22]

= (x1y1 + x2y2 + 1)*

i
=1+ 2x1y1 + 2x2y2 + 2x1x2y1Y2 + xiyi + xgy; o) =1, \/E}’L\/E}’Z;\/E}’M’Z;}’%;YZZ]

N 2N J
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Kernel Functions: Gaussian Kernel
39 B

O Gaussian kernel : ”xt _ x”z
K(xt,x) =exp| — 52
a%=—1.0
A Finding an appropriate value for o
0 Using a validation set [Model selection] e
0 Larger values : Smoother decision boundary ,’/;’,'"".’.:;\\\‘ [
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Kernel Functions: Gaussian Kernel
40 B

Q Gaussian kernel :

A Finding an appropriate value for o
0 Using a validation set [Model selection]

0 Larger values : Smoother decision boundary
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Hyperparameters: Model Selection

I

Q First Solution: [A very bad idea]
0 Selecting a value that results in the highest classification accuracy on the test dataset

Training data Test data

Q Attention : [Very important]
0 Use the test set at the end of the process and only for estimating generalization capability of the classifier
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Hyperparameters: Model Selection

a Second Solution: [Cross-Validation]

Training data Test data
{

Part 5 Part 4 Part 3 Part 2 Test data
Part 5 Part 4 Part 3 Part1 |Testdata
Part 5 Part 4 Part 2 Part 1 Test data
Part 5 Part 3 Part 2 Part1 |Test data

m Part 4 Part 3 Part 2 Part1 |Testdata

Validation Data [for determining hyperparameter values]
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Hyperparameters: Model Selection

a Second Solution: [Cross-Validation]

Training data Test data
{
Part 4 Part 3 Part 2 Part 1 Test data
Validation

O Select one portion as validation data each time and then take the average of the obtained results.
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Hyperparameters: Model Selection
44 X

Splitting training
data into training ) [cv = StratifiedKFold(n_splits=5, shuffle=True) J

and validation data.

C _range = np.logspace(-3, 5, 9)

gamma range = np.logspace (-3, 5, 9)

pgrid = dict (gamma=gamma range, C=C_range)

grid = GridSearchCV(SVC(), param grid=pgrid, cv=cv)

grid.fit (X, y)
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Hyperparameters: Model Selection
45 £

Determining the
search range for
hyperparameter
tuning.

cv = StratifiedKFold(n splits=5, shuffle=True)

C_range = np.logspace(-3, 5, 9)

—

np.logspace (-3, 5, 9)

gamma range =

pgrid = dict(gamma=gamma range, C=C_range)
grid = GridSearchCV(SVC(), param grid=pgrid, cv=cv)

grid.fit (X, y)

{10-3,102,10-1,10°,101, 102,103, 104,105}
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Hyperparameters: Model Selection
46

cv = StratifiedKFold(n splits=5, shuffle=True)

C range = np.logspace(-3, 5, 9)

gamma range = np.logspace (-3, 5, 9)

. — pgrid = dict(gamma=gamma range, C=C_range)
Creating a classifier ‘ grid = GridSearchCV(SVC(), param grid=pgrid, cv=cv)

grid.fit(X, y)
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Hyperparameters: Model Selection
4

cv = StratifiedKFold(n splits=5, shuffle=True)

C range = np.logspace(-3, 5, 9)

gamma range = np.logspace(-3, 5, 9)

pgrid = dict(gamma=gamma range, C=C_range)

grid = GridSearchCV (SVC(), param grid=pgrid, cv=cv)

Training the > [grid.fit(X, Y) ]
classifier
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y=10"%,Cc=10"1

Grid Search

y=10° C=10?

y=10°C=10°
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Support Vector Machine Parameters

.00
a Question : How are the appropriate values for the kernel function parameters determined?

D Parameter C . 00’ 043 042 034 043 pNFa N : g 0.5
- o
G o
. . - 043 042 034 043 pNZEEN } 0.5
®  Smaller values: Higher bias, lower variance. i '
), >
® Larger values: Lower bias, higher variance. 043 042 034 043 BUlEULEEEal 07 0°
.. I
? 043 041 038 | 0.55 EOCENZE) 057 05
0
‘0 N
Q Parameter o ®) 0.41 0.37 0.33 ol 075 0.76 . 058 05
. . . 700 -
®  Smaller values: Lower bias, higher variance. 2 041 04 047 EUESENWCREINCEUCE 057 05
i . . q
® Larger values: Higher bias, lower variance. % 04 04 o040 EEREVCEENORNN 057 05
2

(2
%, 038 039

@
%
o - 3
Classification accuracy on validation data 2,
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Guide to Using Support Vector Machines

.00
O Implementation: Using existing software packages like SVM!'i9"t and LIBSVM

Q Determining the kernel function :
2 Linear kernel (no kernel): When m > n.

2 Gaussian, polynomial, string, and ...

Q Determining parameter values : Grid search
O Selecting a value for parameter C.

0 Selecting values for kernel function parameters (like o).
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Support Vector Machine, Neural Network, or Logistic Regression

A I EEEE———————35= =/,

Q First Scenario : [n > m]
1 Example: Spam detection (1000 training samples, 50,000 features).

2 Logistic Regression or Linear Support Vector Machine

Q Second Scenario : [Few features, a large number of training samples]
O Support Vector Machine with Gaussian Kernel.
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Demo Execution

A I EEEE———————————————————————————
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http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/svmtoy3d/

Appendix: More on Kernels

I I EEEE————————..,

a Question: How do we know that using kernels helps us in data separation?
O In an n-dimensional space, any set of n independent vectors is linearly separable.

2 If the matrix K is positive definite, then the data is linearly separable.

Q Theorem: The matrix K is positive definite because L'L = K.
O The i-th column in matrix L is equal to the vector ¢ (x™).

O Proof : Consider a non-zero vector v. In this case:
vIKv =vTLlT Ly = (lv)T(Lv) = wTw = ||w||? > 0
And since both L and v are non-zero, the vector w is also non-zero. That is :

lwl|l? > 0= vTKv >0 = K is positive definite
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