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Recall: Binary Logistic Regression
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Recall: Binary Logistic Regression
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Recall: Multi-class Logistic Regression
_ 6

(1 One against the others. Creating a classifier for each class.

T I\\ :
() =g ((9(”) x) ot o
- oo PEF °
10 = g (09 o P
. Py o2 \\_ - '/
h®(x) = g ((9(3)) x) 5
. . i ° ‘?... " 0‘:‘“ @ //"
L1 New classification. RIS T, .
SO T ....
y=argmax h')(x) .:'\".E;?- .
C '.:2‘:‘"o" ‘\“ ..
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Recall: Multi-class Logistic Regression

(1 One against the others. Creating a classifier for each class.

[1 New classification.
~ example. 4 features and 3 classes

hD(x) = g ((3(1))Tx)

@) = g ((6@) x) (el y=argmax h‘)(x)
= () |
h3 (x) =g((9(3)) x)

Scores
input
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Multi-class Logistic Regression: \ectorization
T =,

X mxn O x c scores
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scores = X @ Theta + thetaO
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Multi-class Logistic Regression: Handwritten digits Recognition

10 classes and 64 features
0423¢50CFYXS9
042345 66%¢¢9
OfIL3¢5¢C7s8
C122¢S5 4879 08N
0423456729
0 A234562®9 ’
D41245672 59
O123¢S 67289
D123 ¢T 67289
CeC¢13&S 68 7 84
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Multi-class Logistic Regression: Handwritten digits Recognition

10 classes and 64 features
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Multi-class Logistic Regression: Prediction

[] Geometric interpretation. Calculating the similarity of the input vector with the weight vectors of each class.

A

def predict(W, b, X): scores =
X@W+Db

. 0 © .
return np.argmax(scores, axis=1)

Scores

input
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Multi-class Logistic Regression: Prediction

Calculation of the similarity of
the input vector with parameters
corresponding to the zero class

A

def predict(W, b, X):
scores=X @W +hb

64

return np.argmax(scores, axis=1)
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Multi-class Logistic Regression: Prediction

Calculation of the similarity of the
input vector with parameters
corresponding to the two class

A

def predict(W, b, X):
scores=X @W +hb

64

return np.argmax(scores, axis=1)
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Multi-class Logistic Regression: Prediction

Calculation of the similarity of the
input vector with parameters
corresponding to the three class

A

def predict(W, b, X):
scores=X @W +hb

64

return np.argmax(scores, axis=1)
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Multi-class Logistic Regression: Prediction

Calculation of the similarity of the
input vector with parameters
corresponding to nine class

A

def predict(W, b, X):
scores=X @W +hb

64

return np.argmax(scores, axis=1)

OEROI0I®
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Binary Logistic Regression: Sigmoid function

1 Binary classification. The value of the hypothesis function indicates the probability of the input data
belonging to category 1.

A

P = sigmoid(X @ W + b)

Attention. If using the sigmoid (logistic) function in a
problem for multi-category classification, the sum of the
hypothetical values will not necessarily be equal to one.

Scores
input

Machine Learning : Neural Networks-Amin Golzari Oskouel - 2023



Binary Logistic Regression: SoftMax function

SoftMax function. In multi-category classification, in order to calculate the probability of the input vector belonging
to each of the different categories, we use the SoftMax function instead of the sigmoid function.

P = SoftMax(X @ W + b)

. sk .
]:

Probability of input data xi belonging to class y=k
Scores

input
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SoftMax Classifier (Multi-class Logistic Regression)

[] Idea. Convert the score vector to a probability distribution vector!

(x®,y®)

S ~, (1)
L,=—log (e 4 ) L. =-10g(0.13) = 0.89

S .
Z]-e J 7‘
Cat 3.2 24.5 0.13 o
Power o What is the minimum and
normalization ) )
Car 5.1 > 164.0 » 0.87 maximum possible value for the
cost function?
frog -1.7 0.2 0.0
Scores Possibilities(not normalized)

Possibilities
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SoftMax Classifier (Multi-class Logistic Regression)

| Points. The logarithm of the probability of categories is not normalized!
(x(i),y(i)) . e Sk _
' P(Y=k|X=xP)= —— s = f(xPw)
2.e”J
/ J
SoftMax function
O Goal

Cat 3.2 - Maximization of the logarithm of the right exponent (or

minimization of the negative logarithm of the right
Car 5.1 exponent)!
frog -1.7 0

L; = —logP(Y = y® |X = x) = —log(

)

S.
Z]e J
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SoftMax Cost Function: implementation

def SoftMax_loss(scores, Y): (x(i), y(i))

# SoftMax loss implementation. c
# Yy Is encoded as a one-hot vector.
! L = E ~yilog px = —logp,w

k=1

p = SoftMax(scores)
return -np.sum(y * np.log(p))

3.2 0.13
5.1 SoftMax> 0.87 <Cross Entrop3> 0.0 /_‘ Eﬁsgefsgg\t/aet:;n of
-1.7
Scores D y
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SoftMax Classifier: Train

-
[1 Train set.

{(x(l),y(l))}izl x() = [xf) xgl) x,gl)] yWDef1,2, ..., ¢}
[1 Parameters.
WeR"*¢ b € R¢

[1 Cost Function.
e

mm m m \
1 1 2
LW,b) =) L+ ARW) =% (~log p,w ) + 2| W,
=1

=1 .

N
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SoftMax Classifier: Train

-
[1 cost Function.

m
1
LW, b) = — > (~logp,w) + AIIWI:
=1

-1 ( ( > ))Hnwnz

i —_ 2
- m z 8 c ((WU))T x(‘)+b(1)) + AW

=1 —
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SoftMax Classifier: Train
24 4

_ e’k k k 0L;
[Li — _logpy(i) Pr = ZC e Sj Sk = (W ) X(l) T b( )} ow (k) =7? kE{l,Z, ---,C}
aLi . (?Ll apy(i) aSk 6Ll _ BLL apy(i) aSk
ow (k) P, ~ds,,  ow() ow (%) 0P, ~ds,  ow®)
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SoftMax Loss function: Train

I I EEEEEEEEE—————————————————————
4 N

esy(i)
Li = —logp,» = —log < e
N J

1 Random gradient descent algorithm.

(L, N

aw — (py, — 1)x® w =w® —a(p,, —1)x® (k =y®)
Wy _ (0 () = () 0 G
ow (pyk)x LA Y a(pyk)x (k #y*)

(& /
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SoftMax Loss function: Train

[ Geometric interpretation.

W(k) — W(k) — a(pyk — 1)x(l) (k — y(l))

W(k) — W(k) — a(pyk)x(i) (k + y(l))
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Neural Networks: Motivation
228 £

| Logistic regression is a linear classification method.
~ If the data is not linearly separable, we need to add higher order features.

Linear decision boundary Nonlinear decision boundary
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Neural Networks: Motivation
29

| Logistic regression is a linear classification method.
~If the data is not linearly separable, we need to add higher order features.

« 8 >
0 0 2 0 N
| Example. Recognizing handwritten digits [images 8 by 8] o o 2 0
~ Number of second-order features: more than 2,000 0o o 0 o
~ Number of third-order features: more than 40,000 0 o o o
0 0 0 0 ¢
0 1 0 0
0 5} 0 0
0 1 0 0

Machine Learning : Neural Networks-Amin Golzari Oskouel - 2023



Neural Networks: Motivation
U R,

| Logistic regression is a linear classification method.
~If the data is not linearly separable, we need to add higher order features.

32

. Example. Color images [32 x 32 x 3]
| Number of second-order features: more than 470,000
| Number of third-order features: more than 5,000,000
L]...

Machine Learning : Neural Networks-Amin Golzari Oskouel - 2023



Neural Networks: Learning New Features

| Neural networks can learn the high-level features they need by combining low-level
features.
output
Input
hidden layer hidden layer 1 and 2
2 layer neural network 3 layer neural network

Machine Learning : Neural Networks-Amin Golzari Oskouel - 2023



Neural Networks: Learning New Features

-0V
| Neural networks can learn the high-level features they need by combining low-level

features.
h
X
S {S - Wx +b [Linear classification }J
h=f(Wix +bq) 2 layer neural network
o fW 4 1)[ y }
Input _
hidden layer s=W3zh +b
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Neural Networks: Learning New Features

| Neural networks can learn the high-level features they need by combining low-level
features.

h = f(Wq1x +b) [2 layer neural network }

s=Wyh +by

hi= f(Wyix+by ){3 layer neural network }

hidden layer 1 and 2 hp = f(Wahy +b )

W3zhy + b3

S
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Neural Networks: Implementation of Forward Propagation

hy hz
X
7 < S
> @S0
v QL
KOS —
DA
SO0
f = lambda x: 1.0/ (1.0 + np.exp(-x)) # activation function (sigmoid)
X = np.random.randn(3, 1) # random input vector (3x1)
hi = fW1 @x + bl) # first hidden  layer activations (4x1)
h2 = f(W2 @ hl + b2) # second hidden layer activations (4x1)
s = W3@h2 + b3 # scores  (1x1)
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Interactive Visualization

4 neurons 2 neurons
X1 -— ------------—--—---—-= mpESEEE
\\\\ 3 -~§.~ - - d ""‘
\'\ 3‘ &
\\\ -’ O’
X2 ——— -----==:--—-¥-,------- -" O
S =y g 5
. n " [~} : =
Ca %y
g 3
12 --‘G-’—' o — 0
X12 —— The outputs are S0 B
’¢ 7 mixed with varying : L5
,’,&’ weights, shown by .
“' : e,
X22 = — the thickness of
the lines.
X1X2 < This is the output
from one neuron. 1
Hover to see it ) g ! 1 0
larger.
sin(X1)

Colors shows ,
. data, neuron and J ' l
sin(X2) : 1 0 1
weight values.
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https://playground.tensorflow.org/

Activation Functions

HE IS S
1 3 layer neural network

s = Waf(Waf(Wix))

- Importance of nonlinear activity functions in hidden layers.
' Not using non-linear activity functions in hidden layers makes the neural
network become a simple linear bundle!

s = W3(W,(Wyx))
= (W3W,W))x
= WX
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Activation Functions

Sigmoid Hyperbolic tangent RELU
Lo Sigmoid Function Lo , Tanh function | . . Rectifying Linear Unit (ReLU)
0.8 - 5 -
0.5 -
4 -
0.6 -
0.0 - 3
0.4 -
2 -
0.5
0.2 - 1-
0.0 -1.0 | 0
—6 —4 -2 0 2 4 6 -6 —4 -2 0 2 4 6 —6 —4 -2 0 2 4 6

tanh(x) max (0, x)

o(x) = 1+e™™
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Neurons and Neural Networks

impulses carried
toward cell body
, branches
dendrites (Y of axon
~— axon
nucleus >terminals
2 Xy =1 b S
impulses carried = e ynapse
away from cell body b
cell body
—Ww; X, . i
Activation
# assume w and x are 1d numpy arrays Function
WoXo
net_input = np.sum(w * x) + b # weighted sum of inputs
output= 1.0/ (1.0 + np.exp(-net_input)) # sigmoid function
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Determine The Number And Size of Layers
HE IS

3 neurons in the hidden layer 6 neurons in the hidden layer 20 neurons in the hidden layer

More neurons = more capacity
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Determine The Number And Size of Layers

Do not use the size of the neural network as a regulator and use a more robust

method instead. /

L2
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Back Propagation -



SoftMax Classifier: Computational graph

s=Wx

.
7

-
Li=
\
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Recall: Calculation of gradients in SoftMax category

[1 Cost Function.

[1 Calculation of gradients.

4 ) >

oL, 0L s, ol %

ow (k) ds,  ow( 3

— (pk — {y(l) —— k})x(l)
N / ——
_ Scores  possibilities
. 1 ()= | :
{y(l) —— k} =1 s Input
0, y® =k
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Back Propagation: Calculation of gradients
I I
w®
/S { oL, L, 0s, }
O ow®  9s,  ow®
O T = (p— Y == K})

output

QOO ~
QOO0 =

1 m eSy(i) 5
L= zizl—log —s; | | + AW

j=1
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Back Propagation: Calculation of gradients

e

oL,

. i / { - dL; s, }
® “’“ ow®  3s,  ow®
8 %@M“ = (o — ¥y == k})n

1 m eSy(i) 5
L= zizl—log —s; | | + AW

j=1
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Back Propagation: Calculation of gradients

QOO0 =

O

MLi

O

S

output

|

oL,
ow 1)

oL,
aSk

ds, Oh Of

" 9h "OF oW D

|

1

m

L

>

m

=1

e
—log(

S, (D)

c
j=1

es,)) + W13
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Back Propagation: Calculation of gradients

ow® — ds, © oh Tof oWw®

dL; dL; ds, Oh Of }

dL; dh  of
oh  of w®

Hidde

1 m e y® 2
L =— z I )+ aw
m - Og ;’zlesj || ||2
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Back Propagation: Calculation of gradients

W@

9L, ds, oh of }

h
X / aLl
: ow® ~ 8s, ' oh ‘of ow®
%_ﬂi oL oh o
oh  of w®

oL _of
af  oaw@

1 m e y® 2
L =— z I )+ aw
m - Og ;‘zlesj || ||2
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Back Propagation: Calculation of gradients

Local gradient

Z
>
@ gradient
0z
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Implementation of a two-layer neural network

I

# receive wl, w2, bl, b2 (weights/biases), X (data)

# forward pass:

h = #... function of X, wl, bl

scores = #... function of h, w2, b2

loss = #... (several 1lines of code to evaluate SoftMax 1loss)

# backward pass:

dscores = #... dL/dscores

dh, dw2, db2 = #... dL/dh, dL/dw2, d1/db2 X Xy h W >
dwl, dbl = #... dro/dwl, dL/dbl
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Summing up
T =,

[] The number of parameters in a neural network can be very large:
| Itis impossible to write the relationship related to the gradient of all parameters manually!

[1 Publication. Applying the chain rule recursively throughout a computational graph in order toCalculation of the
gradient of the cost function with respect to parameters, inputs and intermediate values.

[1 Computational graph. A graph structure where each node performs forward calculations and backward
calculationsThe implementation is the same.
| Forward calculations. Calculate the result of an operation and store the intermediate values needed to
calculate the gradient.
| Backward calculations. Using the chain rule to calculate the gradient of the cost function with respect to the

inputs.
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Advanced Optimization Methods




Advanced Optimization
I I

from scipy.optimize import minimize

minimize(J, x0, args=(X_train, y_train), method=<CG”’, jac=True)

Parameters and gradients must be in the form of a vector

uoIUNy 1509 3y} Jo uoneuswajduwy

1 m eSy(i) ,
L=— 2 —lo - |+ A||W
m - g ;:1651 || ”2
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Advanced Optimization

-0V
[1 Send parameters. Before sending the parameters to the optimization function, we
must convert them all into a vector.

4 w (D e RF*H p e ]RH\

- w

w @e RHXC  p2 eRC
N Y,

output
Input
hidden layer

F=784 H=20 (=10

W = np.concatenate((W1.ravel(), bl, W2.ravel(), b2), axis=0)
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Advanced Optimization

-0V
| Get gradients. Before we get the gradients, we need to convert them all into a vector.

4 ™
dW® e RF*H gD e RH

) dw

dw @ e REXC  4p(D € RC
N Y,

output
Input
hidden layer

F=784 H=20 (=10

dW = np.concatenate((dW1 .ravel () , dbl, dW2 .ravel (), db2 ), axis 0
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Advanced Optimization
T I S

| Getting parameters. After optimization, we need to separate the different parameters.

- p
w DeRFH  p(d eRH

G w

(2 HxC () eRC
\y Pemnt pOeR”

output
Input - . 5 .
hidden layer W1 = np.reshape(W[: F * H], (F, H)) bl=WI[F
H: (F+1)*H]
re e =20 ¢=10 W2 = #..get W2 and reshape it b2 = iz
... get b2
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Advanced Optimization: Steps

e
"] Create and randomize the matrices and vectors W® and b,

# create and init parameters W1, W2
W1 = np.random.randn(F, H) * 0.001

W2 = np.random.randn(H, C) * 0.001

bl = np.zeros((H,))
b2 = np.zeros((C)))

| Convert matrices and vectors Wi and bi to vector W.

W = np.concatenate((W1.ravel(), b1, W2.ravel(), b2), axis=0)
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Advanced Optimization: Steps

.00
| Call the optimization function as follows:

result = minimize(J, x0=W, args=(X_train, y_train), method=‘CG”’, jac=True)

| After optimization, save the parameter value as follows:

W = result.x

"] Extract the matrices and vectors W® and b® from the vector W.

W1 = np.reshape(W[: F * H], (F, H))
bl=WI[F*H:(F+1)*H]

W2= #..get W2 and reshape it b2 =
#...0et b2
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Numerical Estimation of Gradients
60 4

| The derivative of the function. In a 1-dimensional space

df @y _ o frthy = f (%)
dx h—0 h

' In a multidimensional space, the gradient of a function is a vector of partial
derivatives.
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Numerical Estimation of Gradients
61 4

w W +h dW
0.34 0.34 +0.0001 ?
-1.11 -1.11 ?
0.78 0.78 ?
0.12 0.12 ?
0.55 0.55 ?
2.81 2.81 ?
-3.10 -3.10 ?
-1.50 -1.50 ?
0.33 0.33 ?
Loss 1.25347 Loss 1.25322
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Numerical Estimation of Gradients

W W +h dw
0.34 0.34 +0.0001 -2.50
-1.11 -1.11 ?
0.78 0.78 ?
0.12 0.12 ?
0.55 0.55 (1.25322 - 1.25347) /0.0001
2.81 2.81 =-25
-3.10 -3.10 df(z) .. flz+h)=f(=)
To = h
-1.50 -1.50
0.33 0.33 ?
Loss 1.25347 Loss 1.25322
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Numerical Estimation of Gradients
6

w W +h dW
0.34 0.34 -2.50
-1.11 -1.11 +0.0001 ?
0.78 0.78 ?
0.12 0.12 ?
0.55 0.55 ?
2.81 2.81 ?
-3.10 -3.10 ?
-1.50 -1.50 ?
0.33 0.33 ?
Loss 1.25347 Loss 1.25353
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Numerical Estimation of Gradients

/%4 W +h daw
0.34 0.34 -2.50
-1.11 -1.11 +0.0001 0.60
0.78 0.78 ?
0.12 0.12 ?
055 055 (1.25353 - 1.25347) / 0.0001
2.81 2.81 =0.6
-3.10 -3.10 df(z)  fle+h) - f()
& i h
-1.50 -1.50
0.33 0.33 ?
Loss 1.25347 Loss 1.25353
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Numerical Estimation of Gradients
65 4

w W +h dW
0.34 0.34 -2.50
-1.11 -1.11 0.60
0.78 0.78 +0.0001 ?
0.12 0.12 ?
0.55 0.55 ?
2.81 2.81 ?
-3.10 -3.10 ?
-1.50 -1.50 ?
0.33 0.33 ?
Loss 1.25347 Loss 1.25347
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Numerical Estimation of Gradients
66 4

W W +h dWw
0.34 0.34 -2.50
-1.11 -1.11 0.60
0.78 0.78 +0.0001 0.00
0.12 0.12 ?
0.55 0.55 (1.25347 - 1.25347) |/
5 81 >l 0.0001 -
-3.10 -3.10 af(@) _ . fl@+h) - fa)
-1.50 -1.50 dr h —0 h
0.33 0.33 ?

Loss 1.25347 Loss 1.25347
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Numerical Estimation of Gradients
67 4

def eval_numerical_gradient(f, x):

fx = f(x) -
grad = np.zeros(x.shape) df(:L') : f(w £ h) f(.’l:)
h = 0.00001 dx h —0

it = np.nditer(x, flags=[*multi_index’], op_flags=[‘readwrite’])

while not it.finished:

ix = it.multi_index . Disadvantages
old_value = x[ix] | Approximate
X[ix] +=h

1 very time consumin
fxh = f(x) # evaluate f(x + h) y g

X[ix] = old_value

grad[ix] = (fxh — fx) / h # compute the partial derivative
it.iternext() # step to next dimension
return grad
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Gradient Check

1 In summary.
I Numerical gradient: approximate, time consuming, easy to implement!
1 Analytical gradient: accurate, fast, possibility of error in implementation!

1 In practice.
| We always use analytical gradients.
| But in order to ensure the correctness of the implementation, we compare the
analytical gradient with the numerical gradient. /

Gradient check
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Descending Gradient With Small Batches



Gradient Descent Algorithm
.o 4

# Vanilla Gradient Descent

while True:

gradient = evaluate_gradient(loss_fun, data, weights)

weights += -step_size * gradient + welght updale
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Gradient Descent Algorithm

The initial value of W

against the direction of the gradient

/
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A More Efficient Version of Gradient Descent Algorithm

.00V
| Adescending gradient with small batches.
. Use only a small part of the training data to calculate the gradient of the cost
function in each iteration.

while True:
data_batch = sample_training_data(data, 256)
gradient = evaluate_gradient(loss_fun, data_batch, weights)

weights += -step_size * gradient

| Common values for batch size: 32, 64, 128 and 256.
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A Descending Gradient With Small Batches

I .,

| Example of implementation of gradient descent algorithm with small batches in a
neural network.

The cost will decrease over time.

Epoch
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