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Univariate linear regression




Home pricing

5000 = X
x x
4000 x —
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S 3000 xrx X %{ Xx
E 2000 /‘/x i
= 1000
0 § § § § § ]
0 500 1000 1250 1500 2000 2500 3000
Size(feet?)
[ISupervised learning [IRegression

For each Train set example, the correct answer is given ( having Predicting quantities with continuous values (such as the price of a house)

Lable)
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symbolization

Tral N Set Area (square feet) Price (in 1000 dollars)
- ) v)

2104 460
1416 232
m = 47 < 1534 315
852 178
N
[OSymbols

m = Number of training samples (x,y): an trainset sample

X = Input variable, features o

y = Output variable, target variable (x * ,y ):i-th sample of train set
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Model representation

{ Train Set ]

Show hypothesis 4

ho(x) = 6y +6,x l
TTewTy  Tw T TF
{Iearning aIgorithm]
size of the house Predicted price y
> X
* hypothesis
Univariate linear regression b X —y
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- Cost function



Hypothesis evaluation

_ 9
rain St
(X) (v)
g 2104 460
1416 232
m = 47< 1534 315
852 178
N
Hypothesis : ho(x) = 0, + 0.x
Parameters : (6, ,0,)

Question: How to choose the value of the parameters?
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Hypothesis evaluation

h(x)=1.5 +0x h(x)=0 +0.5x

1 1 - 1
0 i i | 0 i i | 0 i i |
0 1 2 3 0 1 2 3 0 1 2 3
9,=15 9,=0 9, =1
9,=0 9,=05 9,=05
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Hypothesis evaluation

I I EEE—————————————

Question: Which
hypothesis is better?

3 - X 3 - X
2 X 2 .
L h(x)=1.5 .
0 } 0
0 1 2 3 0 1 2 3 0 1 2 3
6,=1.5 0,=0 0,=1
9120 01: 91:
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Cost function

I I EEEEEE——————————————————

Cldeas. Choosing the parameters so that for each training sample
such as x,y, the value of hgy(x) is as close as possible to the value of y '2’

y@
CIcost function, sum of squared error

1w | |
J(60,6,) = EZ(he(x(l)) - y(l))z
i=1

CIpuUrpose

minimize j(g,, 6,)
60,01

ho(x) = 6y + 0,
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Simplified cost function

N =

](601 81) =

m

D (hg(x?) -y 2 J(1) =0
i=1

1 . . 1
Ez(x(‘) —y)2= E(O2 +02+0%)=0
i=1
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Cost function

J(0.5) = 2(0.52 + 12 + 1.52) = 5(3.5) = 1.75 J(0.5) = 1.75
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Cost function

T I EEEE—————————————————,

hg(x) = 6:1x J(61)
’ h(x) =0 o 2
X
2 + X 6 -

J(0)=3@2+22+32)=1@4) =70 J(0)=7.0
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Cost function

I I EEEE————————,

minimize J(6,)
601
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Univariate linear regression

R

[CIhypothesis
hg (x) =0y + 01x

[Iparameters
" 0o, 61

[1Cost functions .
1 . .
(64, 6,) = Ez(hé’("m) _ y(Dy2

[Ipurpose

minimize j(g,, 6;)
60,01
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Example: home pricing

Machine Learning :

hg (X) =0y + O1x

5000 x
) 4 Xy X
4000 ¢
X

~ 3000 xx XX X Xy
= x x X XL
& £2000
29 /
0O -

1000 —

0 'l 'l 'l 'l 'l [ ]
0 500 1000 1500 2000 2500 3000

Size(feet?)
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Cost function

535S,

x = —10:0.5:10;

y = —10:0.5:10;
[XY] = meshgrid(x,y);
Z =X%+Y72;
surf(X,Y,Z);

200

150

T
TR . g
NS SSESAAAIAA )

)
100 Al

50
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Cost function: contour curve

hg(x) = 6p+ 01x

Price $ (in 1000s)

1007 » Training data

— Current hypothesis

1000 2000 3000 4000
Size (feetz)
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J (6o, 61)

_0-5 1 1 1 1 ]
-1000  -500 0 500 1000 1500 2000

0o




Cost function: contour curve

he(x) =00+ 01x J (60, 61)

Price $ (in 1000s)

1007 » Training data
— Current hypothesis
O Il Il T T
_0-5 Il Il 1 1 ]
1000 2000 23000 4000 1000 -500 0 500 1000 1500 2000
Size (feet®) 0o
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Cost function: contour curve

hg(x) = 6o+ 01x J(6q, 61)
700
600/ X, }
% X
~ 5 X
2 00 ) <
= 400¢ <
[am
.0 X
&« 300 X X ><><><><>< XX “
3 X Sex O
& 200 X %
X
1007 » Training data
— Current hypothesis
O Il Il T T
_0-5 Il Il 1 1 ]
1000 2000 23000 4000 1000 -500 0 500 1000 1500 2000
Size (feet®) 0o
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Cost function: contour curve

ho(x) = 0o+ 01x J (60, 61)

Price $ (in 1000s)

1007 » Training data
— Current hypothesis
O Il Il T T
_0-5 Il Il 1 1 ]
1000 2000 23000 4000 1000 -500 0 500 1000 1500 2000
Size (feet®) 0o
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- Gradient Descent



Question

.00V
[CIhypothesis

J (6o, 61)

Llpurpose

minimize J(6y, 61)
60,01

[1General method

¢ Start with a random initial value for the parameters 6,and 6. [eg zero value]

¢ Change the value of the parameters in such a way that the value of the cost
function J(6,, 0,) decreases.

*» Repeat the above operation until we reach a minimum value for the cost function.
[convergence]
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Gradient Descent: Global Optimum

0.8
7
. 0.6
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Gradient Descent: Local Optimum

A I EEEE————————————————————————,

J (60, 01)

0.8 - .- .- g %
0 06 "'::;:.:: _______

6o - 64
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Gradient descent algorithm

I ==,

repeat until convergence {
0 =06 —a—](@o,el) (forj=0andj=1)

/ hg(x) =6y + 01x

Learning rate

Correct implementation. Update parameters value
simultaneously ABy = —a—](@o, 6,

A0y = —a—5- (6o, 61)
Oy == 0y + A
01 := 01 +A0,
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Gradient descent algorithm

repeat until convergence {
0 =06 }a— J(6o, 61) (forj=0andj=1)

Learning rate

heg(x) =0+ 601x

Incorrect implementation. Update parameters value
sequentially

o == g — aaa_gO](QOi 61)

\‘

01 =01 — aaa—gl](eo, 61)
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Gradient descent algorithm

J(61)

61— 0,
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Gradient descent algorithm

negetive slope

01 = 91‘“‘%91](9)

1
J(61) 01 := 01— CL(S_OQ
<0

61 061
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Gradient descent algorithm: learning rate

I I EEEEEE—————————————————————————,

If the learning rate is too small, the gradient descent will converge slowly.

A

6
e 0, =0, ~ “a_ael] ()

01
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Gradient descent algorithm: learning rate

I 55,

If the learning rate is too large, the gradient descent may converge slowly or
even diverge.

A A
slow convergence Divergence
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Gradient Descent Algorithm: Convergence
I
Convergence When the value of the parameter 6;is in a local minimum.

N

J(61) /

001
N

01 = 61— a—2-] (6

Y

0

\

| Local minimum
| V4

61
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Application of Gradient Descent in linear



Gradient Descent and linear regression

I I EEEEE———————...

repeat until convergence {
6, :=9j—aa%oj](90,91) (forj=0andj=1)

) /

linear regression /

m
1 . .
J80,00) = 5 ) (hg(x®) — y©? hy (%) = 60 + By
=1
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The gradient of the cost function

I ===

m m

: N\ 2
a%gj](HOJ 91) = ag} ZZ(hB (x(l)) y(l)) — 319]% ((90 + le(l)) _ y(l))
=1

=1 [

m
j=0= %](90:91) = Z(he(x(i)) - y(i))
=1

m
j =122 )(600,60) = ) (hg(x®) = y®) - x®
=1
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Decreasing gradient and linear regression
T .,
repeat until convergence {
0o = 00— a LiLy(he(xV) = y)

0, =0, — “Z?L(he (x(i)) _ y(i)) (D

> Simultaneous update
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Gradient Descent and linear regression

-~~~
CIAttention. In linear regression, the cost function is a cognate function, and as a result, the
decreasing gradient necessarily converges to the global optimum in case of convergence.

970!
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Gradient Descent

hg(x) = 6o+ 01x J (60, 61)
700
600"
- 500
()
3
S 400+
R=!
& 300"
3
& 200
100} » Training data
— Current hypothesis
O Il Il T T
‘5 Il Il Il Il
1000 2000 23000 4000 21000 -500 0 500 1000 1500 2000
Size (feet”) 0y
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Gradient Descent

hg(x) = 6o+ 01x J(6q, 61)
700
600"
- 500
()
3
S 400+
R=!
& 300"
3
& 200
100} » Training data
— Current hypothesis
O Il Il T T
‘5 Il Il 1 1
1000 2000 23000 4000 1000 -500 0 500 1000 1500 2000
Size (feet”) &y
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Gradient Descent

ho(x) = 0o+ 01x J(60, 61)

700

600

w B ul

o o (@)

o o ()
T T

Price $ (in 1000s)

[N]
(]
o

—t

e}

=)
T

» Training data
— Current hypothesis |

o

L L ‘5 L L
1000 2000 3000 4000 21000  -500 0 500

5 1500 2000
Size (feet”) &y

1000
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Gradient Descent

hg(x) = 6o+ 01x J (60, 61)
700
600" X )
e X
- 500
()
3
S 400+
R=!
& 300"
3
& 200
100} » Training data
— Current hypothesis
O Il Il T T
‘5 Il Il 1 1
1000 2000 23000 4000 1000 -500 0 500 1000 1500 2000
Size (feet”) &y

Machine Learning : Regression-Amin Golzari Oskouei - 2023



Gradient Descent

hg(x) = 6o+ 01x J (60, 61)
700
600" X )
e X
- 500
()
3
S 400+
R=!
& 300"
3
& 200
100} » Training data
— Current hypothesis
O Il Il T T
‘5 Il Il 1 1
1000 2000 23000 4000 1000 -500 0 500 1000 1500 2000
Size (feet”) &y
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Gradient Descent

Price $ (in 1000s)
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Gradient Descent

Price $ (in 1000s)
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Gradient Descent

ho(x) = 0o+ 01x J(60, 61)

700

600

w B ul

o o (@)

o o ()
T T

Price $ (in 1000s)

[N]
(]
o

—t

e}

=)
T

» Training data
— Current hypothesis
1000 2000 3000 4000 _'15000 _560 0 560
Size (feetz) o

o

1000 1500 2000
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Gradient Descent

ho(x) = 0o+ 01x J(60, 61)

700

600

w B ul

o o (@)

o o ()
T T

Price $ (in 1000s)

[N]
(]
o

—t

e}

=)
T

» Training data
— Current hypothesis
1000 2000 3000 4000 _1%00 _560 0 560
Size (feetz) %o

1000 1500 2000
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Batch Gradient Descent

I ===,

[0 Batch Gradient Descent. In each iteration of the algorithm, all training samples are used to update the
parameter values.

0;=0;—a2] (@) (forj=0andj=1)
J

m
=1

m
j=1= 8191](90,91) — Z(hg(x(i)) _ y(i)) (D
i=1
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Multivariate linear regression




Univariate regression (one feature)

OLinear regression with one feature.

hg(x) =0y + 01x
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Multivariate regression (multiple features)

.00V
[ILinear regression with multiple features.

age of the Number of Meterage
Price(1000 dollars) house(Year) Number of floors bedrooms (Square foot)
y X4 X3 X2 X1
460 45 1 5 2104
232 40 2 3 1416
315 30 2 3 1534
1/8 30 2 2 852
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Multivariate regression (multiple features)

age of the Number of Meterage
Price(1000dollars)| house(Year) | Number of floors| bedrooms (Square foot)
y X4 X3 X2 X1
460 2104

1 3)
2 3 e Number of Train set
2 3
1 2

45
40
30
36

~
osymbols. n
n Number of features 14316
' (2) =
x (@) Inputs in the i-th training sample X 2
| 40 |

x{)  The j th feature value in the i-th training sample

J
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hypothesis

-0V
OUnivariate linear regression.

hg (x) = 0y + 01x

oMultivariate linear regression.

(hg x = 6g +01x1 + Oxx2 + -+ O xy

CIFor simplicity, we define x, = 1

X0 0
x= | =% wm hp()=67x |
le_ _Hn_
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Gradient Descent In multivariate linear



Gradient Descent

e
Ohypothesis

hg (x) =0Tx =0p+01x1 +0xp + -+ 0, x,,

Cparameters
9 = (90’ 91J ) Qn)
OCost Function

J (6,64, ... z(he (x(l)) y(l))

repeat until convergence {
6) = 6; — azq-] (6) _
/ ) = (ha(x%) =) - 5"
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- Practical tricks in multivariate regression

Scaling features
Determine the learning rate




Scaling of features (normalization)

Cldeas. Ensuring that feature values are on the same scale.
DTarget. Increasing the speed of convergence in decreasing gradient.

DExampIe. The value of each feature is in a small coefficient from -1 to +1

x1: house size (0 to 2000)
x2: Number of bedrooms (1 to 5). 0, N

J(6)
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Scaling features

I I EEEEE——————————m.,

DScaIing. The value of each feature is in a small coefficient from -1 to +1

OExample i
x1=Slze_1OOO -0.5<x,<05
2000
_ # bedrooms - 2 -05<x,<05

2
5
OAverage normalization

« = Xi — W > Average

Si — . Deviation from the norm
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Gradient descent

O
[gradient descent

0; = 0; - aaLHj] ()

[1Question. How can you make sure that gradient descent works correctly?

[1Question. What is the right value for the learning rate?
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Correct function for gradient descent

0 Convergence test
If the value of /(0) changes by an amount less than 10~3in one iteration, convergence has occurred.

1)

0 100 200 300 400

Number of repetitions
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Indications of gradient descent malfunction

1 lack of convergence

[ 1 solution. Use smaller values for the learning rate, but if the learning rate is too small the convergence
will be very slow.

1) 10)

0 100 200 300 400
Number of repetitions O
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Summary
o6 4

[] Learning rate.
B Very small: Very slow convergence
B Very large: slow convergence or no convergence

[] Choice of learning rate.
B In order to choose a suitable value for the learning rate, try the following values:

.., 0.001, 0.003, 0.01, 0.03, .01, 0.3, 1.0,
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Multinomial regression




Pricing a Home: Selecting Features

T ...,

hg(x) =0+ 61 x (frontage ) x ,0 + (depth)
\ ) \ )

X1 X2

Area = frontage x depth

hg(x) =60+ 01 % (Area)
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Polynomial regression

66
Polynomial regression
Price - he (x) = 0g + O1x + B,x°
(¥)
ho(x) = 8y + 01x + 05x2 + O3x3

Size

(x)

x1 = (Size)l 1<x;<10°
xo = (Size)? 1< x,<106
x3 = (Size)® 1<x3<10°

hog(x) = 0g + 01x + x2 + 03x3

»
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features Selection

A

Price |

) |
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Linear regression: normal equation




Decreasing gradient and normal equation

A

J(6) 0 = 0~ azy J(6)

>

CINormal equation. An analytical method to determine the value of parameters
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Normal equation

AN
0 eR: J(8) =ab?+ bl +c
d (9) def 0 ](9) U
a5’ = >
6

m
0 € R+1. ](90, 91,___,911) — %Z(he(x(i)) _y(i))z

=1
J (9) def ) (] =012 )
69]] — — | J"'Jn
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Normal equation: Example (m = 4)

A =,

Size (feet?) Number of Number of Age of home Price
bedrooms floors (years) ($1000)
X0 X1 X2 X3 X4 y
1 2104 5 1 45 460
1 1416 3 2 40 232
1 1534 3 2 30 315
1 852 2 1 36 178
: _ 007 o
L 106 3 2 40 0 222
“=11 153 3 2 30 0= gz Y= 1315 SO
1 852 2 1 36 04 1178
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Normal equation: Example (m = 5)
.2 4

Size (feet?) Number of Number of Age of home Price
bedrooms floors (years) ($1000)
X0 X1 X2 X3 X4 y
1 2104 3) 1 45 460
1 1416 3 2 40 232
1 1534 3 2 30 315
1 852 2 1 36 178
1 3000 4 1 38 540
1l 2104 5 1 457 00 460
1 1416 3 2 40 01 232
X=|1 1534 3 2 30 6 = |6, y = |315 X0 =y
1 852 2 1 36 03 178
1 3000 4 1 38 04 540
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Normal equation: general state

-0V
Om educational sample; n feature

X0 =y

2 © () —— e
x(® — (@) —— y@

x (@) = XD eR™  x = [x(3))T— e rRm ) y= 1,3 |€R™

x® __(x(v;z))T—_

Design matrix
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Normal equation

-0V
[ Solving linear equations

X0 = vy

XTx0 =XxT7 y <—— Normal equation Octave:
theta = piNV(XT*X)*X %y

6=XTXx)txTy
\ J

<«—— Pseudo-inverse matrix

Y
X+
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Gradient Descent and normal equation

-0V
normal equation Gradient Descent

[LINo need to choose o [Ineed to choose o
[INo need to repeat [Ineed to repeat
L1t is slow for large n due to the need to L1t works well even for very large values of n.

calculate the inverse of the X X matrix.

n < 10000 n > 10000
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Normal equation and irreversibility of XX

.00V
CONormal equation

6= (XTX) Xy

C1Question. But what if X7 X is not invertible?

Octave: theta = pinv(X**X)*X**y

\

pseudo reverse
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Causes of X X irreversibility

I

[IRedundancy of features (linear dependence).
x, = size (feet?)
X, = Size (m?)

x; = (3.28)2x,

[1 Avery large number of features (eg n>m).

+» solution. Remove some features by setting [Next]
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Regression with local weighting




Parametric and non-parametric learning methods
I

CJParametric learning methods.
B There is a fixed set of parameters.
B We do not need a training set to predict new data.
B Example: regression andlogistic regression [continue].

CJNon-parametric learning methods.
B The number of parameters increases (linearly) with the increase in the size of
the training set.
B |n order to predict new data, we need the entire training set.
B Example: regression andlogistic regression [continue].
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Regression with local volatility

Oldeas. Giving more importance to closer data.

@\
w® = exp (_ (X —x) )

212

X x x \

Bandwidth

J(6) = i w® (3’(":) - he(x(i)))z
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Regression: probabilistic interpretation




Regression: probabilistic interpretation

e
CImodel error

/
\ y( = gTx @ + ¢ © |
L1Error

< Considering the influence of other factors oMY, 0 02) _ exp [ — =
+»+ such as unintended features ’ O\ 2T 207

¢+ Considering the effect of noise.

[IThe errors are independent and follow a uniform Gaussian distribution. [iid]

. . 1 (- 0Tx ("))2)
(i) ~ T, (1) 42) = _
yl N(@xl,O') - Zﬂexp( 5?2
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Maximum likelithood estimation

I 55—,

[1Exponentiation function. Probability of seeing training data as a function of parameters 8

m - NN 2
1 (y® — 67x®) )
L(B) =p(Y|X: 6 =1_[ ex (—

[1The logarithm of the exponential function.

m , NN 2
1 (y® — 6Tx®) )
lt9=lnL9=lnH ex (—
( ) ( ) 2 o /—27_[ p 20-2

m ; NN 2
z In [ - exp (_ (Y —67xW) ﬂ
: o\ 2m 207

=1

m
1 1 . )
mln——-— E @ — gTx®
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Maximum likelithood estimation
8 £

Maximum likelihood estimation.
Choosing a value for the parameter 6 so that [(8) is maximized.
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—argmln Z(y(‘) 07 x (‘)) Cost function
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